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HEEGNER DIVISORS IN GENERALIZED JACOBIANS 
AND TRACES OF SINGULAR MODULI 

JAN HENDRIK BRUINIER AND YINGKUN LI 


Abstract. In the present paper we prove an abstract modularity result for classes of 
Heegner divisors in the generalized Jacobian of a modular curve associated to a cuspidal 
modulus. Extending the Gross-Kohnen-Zagier theorem, we prove that the generating 
series of these classes is a weakly holomorphic modular form of weight 3/2. Moreover, we 
show that any harmonic Maass forms of weight 0 defines a functional on the generalized 
Jacobian. Combining these results, we obtain a unifying framework and new proofs for 
the Gross-Kohnen-Zagier theorem and Zagier’s modularity of traces of singular moduli, 
together with new geometric interpretations of the traces with non-positive index. 


1. Introduction 

The celebrated Gross-Kohnen-Zagier theorem |GKZj states that the generating series of 
Heegner divisors on the modular curve Xo{N) is a cusp form of weight 3/2 with values in 
the Jacobian of Xo{N). This result was later generalized by various authors to orthogonal 
and unitary Shimura varieties of higher dimension, see e.g. |Bo2j . |Ku3j . |Liuj . 

In a different direction, Zagier [Za2j proved that the traces of the normalized j-invariant 
over Heegner divisors of discriminant —d on the modular curve V(l) are the coefficients 
of a weakly holomorphic modular form of weight 3/2. This result was also generalized in 
subsequent work to modular curves of arbitrary level, traces of harmonic Maass forms over 
twisted Heegner divisors, and to cover more general non-positive weight modular functions, 
see e.g. ra, [BUR], [BF2], [m], [^, [KI]. Recently, Gross |Grj has explained how Zagier’s 
original result can be related to their earlier joint result with Kohnen. He showed that the 
traces of singular moduli on V(l) can be interpreted in terms of Heegner divisors in the 
generalized Jacobian associated with the modulus 2 • (oo). 

In the present paper, we pick up Gross’ idea and dehne classes of Heegner divisors of 
arbitrary discriminant in the generalized Jacobian Jm{X) of a modular curve X of arbitrary 
level with cuspidal modulus m. Then we prove that the generating series of these classes is 
a weakly holomorphic modular form of weight 3/2 with values in Jm{X). Our argument is 
a generalization of Borcherds’ proof |Bo2j of the Gross-Kohnen-Zagier theorem and relies 
on the construction of explicit relations among Heegner divisors given by automorphic 
products. Note that in contrast to [Bb^ . we need to use the explicit inhnite product 
expansions of automorphic products at all cusps of X. By applying the natural map 
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between Jm{X) and the usual Jacobian J{X) to this generating series, we recover the 
‘classical’ Gross-Kohnen-Zagier theorem. 

Then we show that every harmonic Maass form F of weight 0 on X with vanishing 
constant term at every cusp (such as the normalized j-function when X = X(l)), dehnes a 
functional triT’ on Jm(X). The value of tri? on Heegner divisors of negative discriminant —d 
is just the sum of the values of F over the Heegner points of discriminant —d. The value of 
tr^? on ‘Heegner divisors’ of non-negative discriminant can be explicitly computed in terms 
of the principal parts of F at the cusps. In that way we are able to recover Zagier’s result 
and its generalisations in |AE] . |BF2] . 

We now describe the content of the present paper in more detail. To simplify the expo¬ 
sition, throughout this introduction we let p be prime or 1 and consider the modular curve 
Xq(p) associated to the extension Tq{p) of ro(p) in PSL 2 (Z) by the Fricke involution. In 
the body of this paper, we consider modular curves of arbitrary level (as modular curves 
associated to orthogonal groups of signature ( 1 , 2 )). 

Let oo be the cusp of Xq(p) and let m be a non-negative integer. Then m = m • (oo) 
is an effective divisor. Recall that the generalized Jacobian J^^Xq^p)) of Xq(p) associated 
with the modulus m is a commutative algebraic group whose rational points correspond 
to classes of divisors of degree zero modulo m-equivalence, see Section [2] and [Se] . When 
m = 0, then Jm(-^o(p)) simply the usual Jacobian. For any integer d, let Qp^d be the 
set of (positive dehnite if d > 0 ) integral binary quadratic forms [a, b, c] of discriminant 
—d = 6 ^ — 4ac with p dividing a. If d 7 ^ 0 then rg(p) acts on Qp d with hnitely many orbits. 

If d is positive, then any Q G Qp^d dehnes a point aq in the upper complex half plane 
H, the solution of the equation az"^ + bz + c = 0 with positive imaginary part. There is a 
corresponding Heegner divisor of discriminant — d on Xg(p) given by 


Y(d) 


E 

QGSp.d/rs(p) 


1 

rs(p)Ql 




where rQ(p)Q is the (hnite) stabilizer of Q (see (1.5) in |BF2j I. The divisor 


Z{d) = Y{d) - deg(F(d)) • (cx)) 


has degree zero and is dehned over Q. We denote by [Z{d)]m its class in the generalized 
Jacobian J^^Xq^p)). 

If d is negative, any Q G Qp^d dehnes an oriented geodesic cycle on H U P^(M), given 
by the equation a\z\^ -|- &3fJ(z) - 1 - c = 0. It has nontrivial intersection with P^(Q) if and 
only if d is the negative of a square of an integer. In this case the two solutions in P^(Q) 
dehne cusps of the modular curve. There is a unique cusp cq G P^(Q) from which the 
geodesic originates. (In the present rQ(p)-example all cusps collapse to 00 under the map 
to the quotient, but this is of course not true for more general congruence subgroups.) If 
d = — 6 ^ for a non-zero integer 5, then Q is rQ(p)-equivaIent to [0, 5, c] with c G 'L/b'L and 
Cq is equivalent to 00 . We let hq G Q(Xq(p))^ be a function satisfying 


hQ = l-ql + 0{qZ) 
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at the cusp oo, where qoo is the uniformizing parameter of the completed local ring at cxd 
given by the Tate curve over Z[[goo]]- Then we define 

[Z{d)]m = [div(h[0,b,0])]m = I' 

QeSp.d/r5(p) 

Note that this class vanishes if d < —If d < 0 is not the negative of the square of an 
integer, we put [Z(d)]m = 0. Finally, for d = 0, we define [Z(0)]m as the class of the line 
bundle of modular forms M.-i of weight —1 on Xq(p) (see Section [2] for details). 

To describe the relations among the classes [Z{dy\^, we consider the generating series 

A.M = [Z(d)\^ ■ / e C((g)) 0 UX’(p)). 

del, 

d>—m? 

It is a formal Laurent series in the variable q = for r G H. Our first main result is the 
following (see also Theorem 14.2p . 


Theorem 1.1. The generating series ^^(t) is a weakly holomorphic modular form of 
weight 3/2 for the group ro(4p), that is, v4m(r) G Q^Ap)) ® J^{Xq{p)). 

Under the natural map 

ux;(p)) J{x;(p)) 

the classes [Z(d)]m with d < 0 are mapped to zero. Applying it to Am(r), we recover the 
Gross-Kohnen-Zagier theorem (see also Corollary 14.51) . 


Corollary 1.2 (Gross-Kohnen-Zagier). The generating series Aq{t) of classes of Heegner 
divisors [Z(d)]o in the Jacobian is a cusp form of weight 3/2 for the group ro(4p), that is, 
Ao(r)G^3/2(ro(4p))(8)J(X*(p)). 

To recover the results of |Za2] and |BF2j on traces of modular functions from Theorem ll.il 
we show that harmonic Maass forms define functionals on J^^Xq^p)). Let F G Hq(Tq{p)) 
be a harmonic Maass form for Fg(p) of weight 0 as in |BFlj . Denote the Fourier expansion 
of the holomorphic part of F by 

n'^—oo 


Proposition 1.3. Assume that cf{n) = 0 for n < —m and c^(0) = 0. Then there is a 
linear map tip : J^{Xq{p)) —)■ C defined by 

[D]n, H- tYF{D) := ^ Ha- F{a) 

aEsupp(D)\{oo} 

for divisors D = ■ (a) in Div°(Xg(p)). 

The images under tip of the classes [Z(d)]m with d < 0 can be explicitly computed in 
terms of the principal part of F. As a consequence we derive (see Theorem 15.21) : 
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Theorem 1.4. The series tri7’(74n,) is a weakly holomorphic modular form in M^^2(ro(4p)). 
It is explicitly given by 

= '^F{Y{d)) ■ + ^cf{-n){ai{n) + pai{n/p)) - - 

d>0 n>l b>0 n>0 

The modularity of the right hand side was also proved in [BF2] by interpreting it as 
the Kudla-Millson theta lift of F. Applying this theorem to the special case where p = 1, 
m > 2, and F = j — 744, Zagier’s original result on traces of singular moduli can be 
obtained. 

In the body of the paper we work with modular curves of arbitrary level associated with 
orthogonal groups of even lattices of signature (1,2). This setup is natural, since the proof 
of Theorem II.II implicitly relies on the singular theta correspondence for the dual reductive 
pair given by SL 2 and 0(1,2). For the modulus we allow arbitrary effective divisors that 
are supported on the cusps. The generating series of Heegner divisors is then a vector 
valued modular form for the metaplectic extension of SL 2 (Zi) transforming with the Weil 
representation of a hnite quadratic module. 

This paper is organized as follows. In Section 2 we recall some basic facts on general¬ 
ized Jacobians of curves. Section 3 contains our setup for modular curves associated to 
orthogonal groups, Heegner divisors, and vector valued modular forms. Then we define 
classes of Heegner divisors in generalized Jacobians in Section 4, and prove the abstract 
modularity theorem for these classes. In Section 5 we prove that harmonic Maass forms 
define functionals on the generalized Jacobian and derive modularity results for the traces 
of harmonic Maass forms over Heegner divisors from the abstract modularity theorem. We 
also give some explicit examples and indicate possible generalizations in Section 6 . 

We thank J. Funke, B. Gross, and S. Kudla for useful conversations on the content of 
this paper. Moreover, we thank the referee for his/her valuable comments. 

2. Generalized Jacobians 

Let A be a complete non-singular algebraic curve over a held k of characteristic 0. Let 
Div°(A) be the group of divisors of X of degree 0 dehned over k, and denote by P{X) 
the subgroup of divisors of rational functions / G k{X)^. The Jacobian J{X) of X is a 
commutative algebraic group over k whose fc-rational points are isomorphic to the quotient 
group Div°(X)/P(A). 

Recall that there is the notion of the generalized Jacobian, see e.g. [Sel Ghapter 5] for 
details. Let S' C X(/c) be a hnite set of points, and for s G S' let mg G Z>o. Then 

m = y^ms-{s) 

s£S 

is an ehective divisor dehned over k. Let Og be the ring of integers in the completion ^(X)^ 
of k{X) at s, and let E Og he & uniformizer. If f,g E k{X)g and n G Z, we write 

f = g + 0{7r:) 

if f — g E nfOg. We consider the subgroup 

Fn,(X) = {div(/) : / G k{X)^ with = 1 + 0 ( 7 r™“) for all s E S} 
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of P{X). The generalized Jacobian associated with the modulus m is a commutative 

algebraic group over k, whose fc-rational points satisfy 

(2.1) MX){k) = Dw\X)/P^{X). 

The quotient on the right hand side is also canonically isomorphic to the subgroup of 
divisors in Div°(X) coprime to S modulo m-equivalence. For a divisor D G Div°(X) we 
denote by the corresponding class in Jm{X){k). 

There is a canonical rational map '■ X ^ Jm{X) defined over k which is regular 
outside S, see [Sel Chapter 5, Theorem 1], If m' is another effective divisor on X satisfying 
m > m' > 0, there exists a unique homomorphism —)■ Jm' which is compatible with 

and Pm'- If is surjective and separable [Sil Chapter 5, Proposition 6]. In particular, there 
exists a surjective homomorphism 

(2.2) J^{X) ^ J(X). 

Its kernel is isomorphic to 

(2.3) = ( n 

s£S 

ma>0 

where the quotient is with respect to the diagonally embedded multiplicative group. Typical 
elements of the kernel are obtained, by choosing a pair (s, n) with s G S' and n > 0 and a 
function hg^n £ k{X)^ such that 

(2.4) = 1 - tt" + 0(7r™"), at s, 

hs,n = 1 + C(7rJ"*), at all t G S' \ {s}. 

An argument as in [Sil Chapter 5, Proposition 8] shows that the ‘additive part’ of is 
generated by the classes 

(2.5) [div(h5,„)]m 

for s G S and 0 < n < m^. Note that for n > mg the class [div(hs,„)]m vanishes. 

Let So £ S' be a fixed base point. If £ is a line bundle on X which is defined over k, 
and (0 s)sgs is a family of local trivializations of C at the points of S', we can associate to 
the pair (£, (0s)) a class in Jm{X) as follows. It is easily seen that there exists a rational 
section / of £ such that 

(2.6) = (1 + 0(71-)) 

for some Os G Z at every s G S'. Then we define 

(2.7) [(£, (0s))]m = [div(/) - deg(£) ■ (so)]m e J^{X){k). 

3. Modular curves 

Here we recall the description of modular curves as Shimura varieties associated to or¬ 
thogonal groups. We also define classes of Heegner divisors in generalized Jacobians. 

Let (L, Q) be an isotropic even lattice of signature (1, 2). We denote by (x, y) the bilinear 
form corresponding to the quadratic form Q, normalized such that Q{x) = l(a;, x). For 
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any commutative ring R we write = L 0^ R- Throughout we hx an orientation on Lr, 
and write L' for the dual lattice of L. Let 

N = min{? 7 , G Zi>o : nQ{\) G Z for all A G L'} 

be the level of L, and denote by disc(L) = \L'/L\ the discriminant of L. We let SO(L) be the 
special orthogonal group of L and write SO’''(L) for the intersection of SO(L) with the con¬ 
nected component of the identity of SO(L)(M). The even Clifford algebra of Lq is isomor¬ 
phic to the matrix algebra Mat 2 (Q), which induces an isomorphism PGL 2 (Q) = SO(L)(Q). 
We realize the hermitian symmetric space corresponding to SO(L) as the domain 

V = {z E Lie ( 2 ;, 2 ;) = 0, ( 2 ;, f) < 0}/C^. 

It decomposes into 2 connected components. We £x one of these components and denote 
it by 

Let T = Ti be the discriminant kernel subgroup of SO’''(L), that is, the kernel of the 
natural homomorphism 

SO+(L) ^ Aut(LVL). 

Recall that rescaling the quadratic form by a factor n does not change SO’'"(L) while it 
replaces the discriminant kernel by the full congruence subgroup of level n. We denote by 

(3.1) W = T\D+ 

the non-compact modular curve associated with T. 

Let Iso(L) be the set of isotropic lines in L (i.e., primitive isotropic rank 1 sublattices 
I G L). The group T acts with hnitely many orbits on Iso(L). We denote by Xr the 
compact modular curve obtained by adding to Yp the cusps corresponding to the T-classes 
of isotropic lines I G Iso(L), see e.g. [BF2j . It is well known that Xp is a projective algebraic 
curve which has a canonical model over a cyclotomic held. 

As in |BF2j . we choose an orientation on the isotropic lines as follows. We fix one line 
Iq G Iso(L) together with an orientation on Iq given by a basis vector xq G /o,r. For any 
other / G Iso(L) we choose a. g & SO~^{L)(R) such that ( 7 / 0 ,r = Ir- Then gxo G Jr dehnes 
an orientation on I, which is independent of the choices of g and Xq. 

Let / C L be a primitive isotropic line and write cj G Xp for the cusp corresponding 
to I. Local coordinates near c/ can be described as follows. We write Nj for the positive 
generator of the ideal (/, L) C Z. It is a divisor of N. Throughout, we let £ = £7 be the 
positive generator of / and hx a vector £' = £'j E L' such that 

(3.2) (AO = l- 
We let K be the even negative definite lattice 

(3.3) K = Ln£^n£'^. 

li £k & K denotes a generator, then K is isomorphic to Z equipped with the quadratic 
form X I—)■ Q{£k)x^■ The quantity 4:Q{£jp) divides N. The holomorphic map 

(3.4) W ^ {w 0 £k + £'- Q{w 0 £k)£ - Q{£')£) 

is injective and has one of the two connected components of T> as its image. Possibly 
replacing £k by its negative, we may assume that this map is an isomorphism from El 
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onto T>^. It is compatible with the natural actions of PGL^(Q) on El by fractional linear 
transformations and on via the isomorphism with SO^(L)(Q). For fi G Lq fl we 
consider the Eichler transformation 


(3.5) 


= X + {x, i)ij, - {x, fxji - {x, i)Q{fi)£ 


in SO’''(L)(Q). It belongs to F if /i G iF. 

Lemma 3.1. The stabilizer in F of the primitive isotropic line I is given by 

F/ = : /i G K}. 

Proof. Let 7 G F/. Then 7 ^ = ±£. We hrst assume that 7 ^ = £. Then 

u := 7 f - £' 

belongs to L fl and v := u — {u, i')i belongs to K. It is easily checked that 


E,A^) = I, 

EeAn = 7 ^'. 


Hence 'y~^Ei^y leaves the vectors £ and £' hxed. Consequently, it maps the orthogonal 
complement K to itself, and therefore £k to -E£k. Since 7 “^E£„ has determinant 1, the 
sign must be positive and thus 7 = 

We now consider the case 7 ^ = —£. The orthogonal transformation a taking £ to —£, 
and £' to —£', and £k to itself belongs to SO(L)(Q). The element <77 G SO(L)(Q) hxes £. 
Arguing as above, we see that it is equal to an Eichler transformation ^ SO’''(L)(Q). 
This implies that a belongs to the connected component of the identity of SO(L)(M). But 
this leads to a contradiction, since the spinor norm of a is negative, showing that the case 
'-)£ = —£ cannot occur. □ 

The action of Z on El by translations corresponds to the action of F/ on . The induced 


map 



(3.6) 


is an isomorphism. Hence, qj = defines a local parameter at the cusp ci of X^- 

Example 3.2. In the special case when Nj = 1 , then 4iV = —Q{£k) and the discriminant 
kernel subgroup F is isomorphic to Fo(iV/4). The curve X-p is isomorphic to Xo(A^/4), with 
c/ corresponding to the cusp at 00 , see e.g. m Section 2.4]. 

3.1. The Weil representation. Let Mp 2 (Z) be the metaplectic extension of SL 2 (Z) by 
{± 1 }, realized by the two possible choices of a holomorphic square root of the automorphy 
factor cr + d for (“ ^) G SL 2 (Z), see e.g. [Bolj . [Ku2j . 

Recall that there is a Weil representation up of Mp 2 (Z) on the complex vector space 
Sl of functions L'jL —)■ C on the discriminant group. Identifying Sl with the space 
of Schwartz-Bruhat functions on L ^ Q which are supported on L' ® Z and translation 
invariant under L ( 8 ) Z, the representation up can be viewed as the restriction of the usual 
Weil representation of Mp 2 (Q) on L 0 Q with respect to the standard additive character 
of Q, see |Ku2j . The representation ul is the complex conjugate of the representation pi 









JAN H. BRUINIER AND YINGKUN LI 


in |Bolj . |Br] . jBF2j . The action of Mp 2 (Zi) on Sl commutes with the natural action of 
Aut(LYL) by translation of the argument. 

li k E we denote by the space of S'!,-valued weakly holomorphic modular 

forms for Mp 2 (Z) of weight k with representation ul- The subspace of holomorphic modular 
forms is denoted by 

3.2. Heegner divisors. For any d G Q^, the group F acts on the set 

L' = {A G L' : Q(A) = d} 

with hnitely many orbits. For every X E L' with Q(A) > 0, the stabilizer Fa C F of A is 
hnite, and there is a unique point ;2 a ^ which is orthogonal to A. For d E Q>o and 
ip E Sl we consider Heegner the divisor 

(3-7) Y{d,ip)= ^^v?(A)-Ya) 

xeL'jr I 

on Xr- It is dehned over the held of dehnition of Xr and has coefficients in the held of 
dehnition of (p. Let Jq G Iso(L) be a hxed isotropic line. We dehne a divisor of degree 0 on 
Xr by putting 

(3.8) Z{d, p>) = Y{d, p>) - deg(y (d, p>)) ■ (c/J. 

4. A GENERALIZED GROSS-KOHNEN-ZAGIER THEOREM 

We now consider classes of Heegner divisors in the generalized Jacobian of the modular 
curve X := Xr as dehned in the previous section. We let /c C C be the number held 
obtained by adjoining the primitive root of unity to the common held of dehnition 

of the canonical model and all cusps of X. Let S = {cj : I E Iso(L)/F} be the set of cusps 
of X and let 

tn = Y ' (g) 

/Glso(L)/r 

be a hxed ehective divisor supported on S. We consider the generalized Jacobian of X 
associated with the modulus m. For I E Iso(L), we take as the uniformizing parameter in 
the completed local ring at c/ the parameter qj = dehned by fl3.6p (given by the Tate 
curve over Z[[g/]] when X/ = 1 such that Xr = Xo(X/4)). 

Since, throughout this section, we are only interested in the /c-valued points of the gener¬ 
alized Jacobian, we briehy write Jm(X) instead of Jm(X)(fc). For every degree zero divisor 
D = ■ (c/) G Div°(X) supported on S and every tuple r = (r/) G Gm'(/c), we choose 

a function UD,r G k{X)^ such that 

(4.1) UD,r = rjqr -{l + OigY)) 

at Cl for / G Iso(L). We write for the subgroup of Jm(-A) generated by the classes 

[div(Mr)^r) — D]m of all these functions and let 

(4.2) 4""(X) = UX)/Hr,^^^. 
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By definition we have = Jm{X) when 151 = 1. By the Manin-Drinfeld theorem 

we have when m = 0. For general m the kernel of the induced 

homomorphism 

(4.3) ./r (V)« ^ J(A')q 

is a quotient of the product of the groups for I G Iso(L)/r with rrij > 0. 

For d G Q>o and ip ^ Sl we consider the class 

(4.4) [z{d,^)UeMX)c 

of the Heegner divisor Z{d,p>) in the generalized Jacobian. 

Let T be the tautological bundle on X, and dehne the line bundle of modular forms 
of weight 2k on X by M. 2 k = T®^. (Sections of M. 2 k correspond to classical elliptic 
modular forms of weight 2k under the isomorphism SO(L)(Q) = PGL 2 (Q).) Recall that 
T is canonically trivial in small neighborhoods of the cusps. Hence, taking the induced 
trivializations and putting sq = c/g in fl2.7l) . we obtain a class G Jm(X)Q. For d = 0 

we dehne 


(4.5) [Z(0,v?)]„ = (^(0)-[Af_i],,. 

We also dehne classes for d G Q<o as follows. For a vector A G the orthogonal 
complement A"*- C Lq is isotropic if and only if d G —2 disc(L)(Q^)^. In this case there 
is a unique pair of isotropic lines /, / G Iso(L) such that A-*- = Jq © Jq and such that the 
triple (A, x, x) is a positively oriented basis of Lq for positive basis vectors x G / and x G /. 
Following [BF2j . we call / the isotropic line associated to A and write / ~ A. Note that I 
is the isotropic line associated to —A. We dehne the I -content nj{p) of any /x G L' fl as 
follows: If Q(/i) = 0 we put ni{p) = 0. If Q(/i) 7 ^ 0 we let n/(/i) be the unique non-zero 
integer such that 

(4.6) (/i, L n /■*■) = nj{ja) ■ Z 


and sgn(n/(/i)) ■ fi r'U ^ 

Now, if d G —2 disc(L)(Q^)^ and A G L'^, we let / G Iso(L) be the isotropic line associated 
to A and let G L' be as in fl3.2p such that {£', I) = Z. We choose a function hx G k{X)^ 
such that 

(4.7) hx = I — the cusp c/, 

hx = I 0 (g™'^), at all other cusps cj. 


The existence of hx follows for instance from the approximation theorem for valuations, see 
pp. 29 in [Si]. If (A,£') G Z, then hx agrees with the function hcj,nj(\) G k{X)^ dehned in 
fl2.4p . For ip e Sl we dehne 


(4.8) 


lZ{d,^)U= 


AGL'/r 


2ni{X) 


((p(A) + (p(-A)) ■ [div {h^^)]^ 


It is easily checked that this class is independent of the choices of the functions hx- If d < 0 
and d ^ —2 disc(L)(Q^)^, we put [Z(d, (p)]n, = 0 . 
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Finally, for all d G Q we write [Z{d)]m for the element of 

Eom{SL, MX)c) = MX)c ® Si 

given by H- [Z{d, 

The classes [Z{d,(p)\^ with d < 0 can also be expressed in a slightly different way. To 
this end, for an isotropic line I we dehne 

L'^ j = {XeL'^: A T J and A ~ 

Lemma 4.1. For d < 0 we have 

[Z{d,(p)]ra= 

/gIso(L)/r \&L'^ jlI 

Proof. If Lrf / is non-empty and if we £x Aq G L'^j, we have 

Zd,i ~ {-^0 T ai/Nj : a G Z}, 

Z'd,i/^i ~ {'^0 + ai/Nj : a G Z/Ah'n/(Ao)Zi}, 

L^j/I = {Xo + ai/Ni: a E Z/NiZ}. 

This implies the assertion. □ 

4.1. An abstract modularity theorem. To describe the relations in the generalized 
Jacobian among the classes [Z{d)]m we form the generating series 

(4.9) [Z(<i)]„ . e Sim ® 

d£j^Z 

It is a formal Laurent series in the variabl^ q = where r G H, with exponents in j^Z 
and coefficients in Sf ® 

Theorem 4.2. The generating series Am(r) is the q-expansion of a weakly holomorphic 
modular form in ® 

To prove this result, we use the following variant of Borcherds’ modularity criterion |Bo2| 
Theorem 3.1]. Let p be a hnite dimensional representation of Mp 2 (Z) on a complex vector 
space V which is trivial on some congruence subgroup. The stabilizer in Mp 2 (Z) of the cusp 
oo is generated by the elements T = ((q }) , 1) and Z = (( _°i ) ,^) . The hypothesis on 

p implies that some power of p{T) is the identity, and therefore all eigenvalues of p{T) are 
roots of unity. If p G Ml{p) is a weakly holomorphic modular form for Mp 2 (Z) of weight 
k E ^Z with representation p, then it has a Fourier expansion 

9{^) = ^a{n) ■ g”, 

nSQ 

where the coefficients a{n) E V satisfy the conditions 

(4.10) p{T)a{n) = e2™a(n), 

(4.11) p{Z)a{n) = e“"^*^a(n). 

^Confusion with the local parameter qj at the cusp c/ of X should not be possible. 
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We write for the representation dnal to p, and denote by (•, •) the natnral pairing 
X ^ C. 


Proposition 4.3. A formal Laurent series 

W" e V{{q)) 

with coefficients a{n) satisfying the conditions fld.lOp and fid.lip is the q-expansion of a 
weakly holomorphic modular form in Ml{p) if and only if 

^(a(n),c(-n)) = 0 

nGQ 


for all 

■ g” e M2_fc(p^). 


Proof. This resnlt is proved in Section 3 of [Bo2j in the special case when g is actually a 
formal power series. The same proof applies to our slightly more general case, if we replace 
the vector bundle of modular forms of type p by a twist with a power of the line bundle 
£(cx)) corresponding to the cusp at oo. 

Alternatively, we may replace the g-series g by the g-series g' = A^g for a positive integer 
j such that A^g is a power series. Here A is the normalized cusp form of weight 12. Then 
one can literally apply |Bo21 Theorem 3.1] to g' to deduce modularity in Mk+ujip) of this 
power series. Dividing out the power of A again, we obtain the result. □ 


Proof of Theorem \4.^ According to Proposition 14.31 with p = uf, it suffices to show that 


(4.12) 

(c(-4), [Z(4)l,„) = 0 e J:^%X) 

for every 

(4.13) 

d&Q 

/M = ■ q^ e 


deQ 


Since the space has a basis of modular forms with integral coefficients |McG] . it 

suffices to check that for every / with integral coefficients the relation fl4.12p holds. For 
p E L' we put c{d, p) = c{d){p). 

Let T(z, /) be the Borcherds lift of / as in |Bol[ Theorem 13.3]. This is a meromorphic 
modular form on for the group T of weight c(0, 0) with some multiplier system of finite 
order. Its divisor on X is given by 

div(>l<(j, /)) = ^ (c(-d), Z(d)) + B{f), 

d>0 

where B{f) is a divisor of degree c(0,0)/12 supported at the cusps of X. Let / G Iso(L). 
To determine the behavior of '^{z,f) near the cusp c/, we identify with the upper 
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complex half plane El using fl3.4l) . Then ^/(w,/) has the inhnite product expansion 

(4.14) f) = Ri- gf H , 

Ae(L'n/-L)// 

n7(A)>0 

which converges near the cusp c/, that is, for tc G HI with sufficiently large imaginary part. 
Here the product runs over vectors A of negative norm which are associated to I, and 
p/ G Q is the Weyl vector at the cusp c/ corresponding to /. Moreover, the quantity Rj is 
some constant in of modulus 1 times 

(1 — g27ria/A7^c(0,a£/A/)/2 

aeZ/A/Z 

0-7^0 

Hence, the (hnite) product 

^iwJ)xRj^ J] ;,-d-Q(A),A) 

Ae(L'nH)// 

is a meromorphic modular form of weight c(0, 0) satisfying the condition fl2.6p at c/. There 
exists a degree zero divisor D supported on S such that the hnite product 

X X Yl JJ ^-C(-Q(A),A) 

/Giso(L)/r Ae(L'nr-L)// 
mj>ni{X)>0 

is a meromorphic modular form of weight c(0, 0) satisfying the condition fl2.6p at all cusps 
and having order 0 at all cusps different from c/^. Here UD,r G HGm,m denotes the function 
dehned in fl4.ip . 

By the choice of the base point sq = c/g in fl2.7p . the class of the line bundle A4c(o,o) in 
Jm(X) is given by 

(4.15) [A^c(o,o)]m = [div(T(/)) - deg(A4c(o,o))(cro)]m - [div(no,(ijp)]n, 

- Y c{-Q{X),X) ■[dw{hx)]m- 

ieiso{L)/r \e{L'ni^)/i 

mj>nj{X)>0 

Using Lemma [4.11 we see that 

5^ c(-Q(A),A).[div(A,)]„, = -5^(c(-<i),|Z(<i)|J. 

/eiso(i,)/r AG(L'nH)// d<o 

mj>nj(X)>0 

Inserting this into fl4.15p . we obtain the relation 

-c(0,0)[A4_i]m = Y ic{-d), [^(d)]m) + Y ic{-d), [Z{d)]^) - [div(M£,,(i?^)) - D]^ 

d>0 d<0 


in Jm{X)c- This implies fl4.12p in J,^‘^‘^(X)c, concluding the proof of the theorem. 


□ 
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Remark 4.4. To be able to describe the generating series in Jm(-^)c instead of in the quotient 
jadd(j^)^^ we would have to know the normalizing factors Ri in fl4.14p more precisely. It 
would be very interesting to understand these better. Are they roots of unity? 


According to the Manin-Drinfed theorem, the natural homomorphism Jm(X) —)• J{X) 
induces a linear map 

(X)c ^ J(X)c. 


The classes [Z{dy\m with d < 0 are in the kernel. Applying this map coefficientwise to the 
generating series in Theorem 14.21 we obtain the Gross-Kohnen-Zagier theorem. 


Corollary 4.5 (Gross-Kohnen-Zagier). The generating series 

Mr) = ^|Z(<i)]o ■ 9“ 

d>0 

of the classes of the Heegner divisors in the Jacobian J{X)c is the q-expansion of a cusp 
form in S 3 / 2 {u}f) 0 J{X)c. 


5. Traces of singular moduli 


Here we show that every harmonic Maass form of weight zero with vanishing constant 
terms defines a linear functional of the generalized Jacobian Applying it to the 

generating series Am, one obtains modularity results for traces of GM values of harmonic 
Maass forms and weakly holomorphic modular forms as in |Za2] . |BF2] . 

Let (T) be the space of harmonic Maass forms of weight k for T as in |BFll Section 3]. 
Recall that there is a surjective differential operator fk ■ Hf(T) —)■ S 2 -k(J') to cusp forms 
of ‘dual’ weight 2 — k. 

For the rest of this section we fix a non-zero F G FdfiV). We denote the holomorphic 
part of the Fourier expansion of F at the cusp c/ corresponding to / G Iso(L) by 

(5-1) = wl- 

We define the order of F at the cusp c/ by 

ordc,(F) = min{j G Z : 4y(j) ^0}. 


Proposition 5.1. Assume that for all I G Iso(L) we have OTdc^{F) > —mj andc^j(O) = 0. 
(i) There is a linear map 


Air ■. Jm{X) 


C 


defined by 

[T>]m tipiD) := ^ Ha- F{a) 

a&upp{D)\S 

for divisors D = Yla^a, ■ (a) in Div°(X). 

(ii) The map tip vanishes on FfGm.m and factors through 
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Proof, (i) We have to show that tYp{D) = 0, for every divisor D = div( 5 f) G Pm{X) given 
by a rational function g G k{X)^ satisfying 

at every cusp cj. The expansion of the logarithmic derivative of g with respect to the local 
parameter qj at cj is of the form 

If F is weakly holomorphic, then rj := is a meromorphic 1-form on X. Hence, by 
the residue theorem, the sum of the residues of g vanishes, and we have 

resa(?7) =-y^resa(?7). 
a&X\S aeS 

The left hand side of this equality is given by tTpiD), while the right hand side satishes 
5^resa(?7)= rescjiv) 

a&S /eIso(L)/r 

= Y ’^eSg,=o ( (ordc,(^)g7^+ 0(gr"^)) c+^(j) ■ ?/j = 0. 

/eIso(L)/r V j>-mi ) 

Here we have also used the fact that 0^/(0) = 0 for all /. 

To prove the assertion for general F G -Hg''(r), we let X^ be the manifold with boundary 
obtained from X by cutting out small oriented discs of radius e around the points in 
supp(div( 5 f)) U S. Then for the 1-form g := F^ h is still true that 


Indeed, we have 


lim / g = 0. 

JdXe 



'dXe 


F ■d\og\g\^ 
d{F ■ d\og\g\^). 


>Xs 


Since log {gl"^ and F are harmonic functions on X^, we hnd that 



'X, 


(dF) A ((91og|^n 
d{{dF) log|^|2) 


'Xe 


{dF) logl^p 


'axe 
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In the latter integral, the differential dF = ^Q{F)dz is antiholomorphic (hence smooth) on 
all of X. Since log \g\'^ has only logarithmic singularities, the integral vanishes in the limit 
E —y 0 . 

On the other hand, a local computation shows that 

(5.2) / h = fi'F(-D) + ^ TeScj{F^ ■—). 

JdXs /Glso(L)/r ^ 

The vanishing of the second summand on the right hand side follows as before, proving 
that tTp{D) = 0 again. 

(ii) Let UD,r be as in (14. Ih . The same argument shows that tri7’(div(M25^j,)) vanishes and 
tip factors through J^'^^(X). □ 

Theorem 5.2. Assume that for all I G Iso(L) we have ordc^(F) > —mi and cfj{0) = 0. 
Then tri?(y4n^) is a weakly holomorphic modular form in and 

tri.(v4m)(</9) = ^tTF{[Z{d,(p)]rn) ■ + trF([A4_i]n,)(y9(0) + ^F{Y{d,(p)) ■ g'^. 

d<0 d>0 

Moreover, for d < 0 the quantity tip{\Z{d, (^)]m) is given by the finite sum 

trF(lZK^)U = -i ^ (^(A) + ^(-A)). 

/Glso(L)/r XeL'^ i/Fj j>l 


Proof. The modularity of tri7’(y4,T^) is a direct consequence of Theorem 14.21 and Proposi¬ 
tion [SHl 

We now compute the g-expansion. For d > 0 and (p G we have by definition of the 
map trj? that 

tip{[Z{d,^)U=F{Y{d,p)). 

If d < 0 and d G —2 disc(L)(Q^)^, we obtain by the definition of the class [Z{d)]m that 


(5.3) 


iip{[Z{d,Lp)]^) 


+ 

AGL^r i 

~ Y + ‘^(-^)) ■^(div(/iA)). 

/Glso(L)/r AGL^_^/r7 i 


Arguing as in the proof of Proposition 15.11 in particular fl5.2p . we find for A G that 

dh\ 


(5.4) 


F(div(ftj)) = - 


res. 


CJ 


m 


JGlso(L)/r 


= res, 


c/ 


n- 


ni{X) ■ 1 _|_ 0{qf^^ ^) 


n,(A)5^e2"("’4bc+^(_n,(A)j). 

i>i 


Inserting this into fl5.3l) . we obtain the assertion. 


□ 
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Remark 5.3. The constant term tr^([Z(0, </9)]m) can also be compnted explicitly, see Prop- 
sition 15.41 for an example. 


5.1. An example. Here we consider as an example the modular curve Xq{M) for a square- 
free M G Zi>o. Let L be the lattice 


(5.5) 


L 


(b a/M\ 

V -b) 


a,b,c & 


with the quadratic form Q{X) = M det(X). Then L'/L = Z/2MZ and SO'''(L) is isomor¬ 
phic to the extension rg(M) of ro(M) by the Atkin-Lehner involutions. The discriminant 
kernel subgroup T is isomorphic to ro(M), and the modular curve X-p is isomorphic to 
Xq{M) with the cusp associated to the isotropic line Jq = Z (^ []) corresponding to oo, see 
e.g. |BO[ Section 2.4]. 

The group rQ(M) acts transitively on Iso(L), and the orbits are represented by the lines 
Id = Wd-Iq for the positive divisors D \ M. Here Wd G PGL^(Q) denotes the Atkin- 
Lehner involution with index D. In particular, the set S of cusps of Xq{M) is in bijection 
with the set of positive divisors of M. If / G Iso(L), we write Dj for the unique positive 
divisor of M such that I is equivalent to Wdj-Iq under T. Let F G H^lT) be a harmonic 
Maass form. The expansion of F at the cusp Id as in fl5.ll) is given by the Fourier expansion 
of F I Wd. 


Proposition 5.4. Assume that for all I G Iso(L) we have oidcjiF) > —mi andc^pjfS) = 0. 
The constant term of the generating series tr^(Am) is given by 

trp([A4_i]m) = 2 

D\M j>l 


Remark 5.5. As shown in [BF21 Remark 4.9], the right hand side above is also equal to 
“ 4 ^ /ro(M)\Hproposition gives a geometric interpretation of this regularized 
integral. 


Proof of Proposition |5.^| . We use the notation of the proof of Theorem 15.21 By linearity it 
suffices to compute the class of the line bundle Mi 2 . Since Xp = Xq{M), a section of this 
line bundle is given by the usual discriminant function A = q'nn>i(l ~ To compute 

the class of A4i2 in the generalized Jacobian, we have to modify this section by multiplying 
with rational functions such that the local conditions fl2.6p at the cusps are satished. It is 
easily checked that 


X\Wd = D-^A{Dt) 
This implies that the section 


n>l 


n n 

/Giso(L)/r \£{L'nF)/i 
mj>nj{X)>0 


has the expansion 


s = • (1 + 0{q?P')) 
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at the cusp Id- For the l^l-tuple r = {D^)d\m, and the function uo.r e Q(Xo(M))^, the 
section s ■ Mo,r of Aii 2 satishes the local conditions fl2.6p at all cusps. Therefore, in view of 
(12.7p and Proposition 15.11 (ii), we have 

tri;’([>ll2]m) = trir([div(s • Uo,r) “ deg(>li2) ■ (c/o)]n,) 

= -24 ^ F{dw{hDrx)). 

/eiso{L)/r AG(L'n/-L)// 
m/>n/(A)>0 

Using the formula fl5.4p . we get 

mj — 1 

trF([A^i2]m) =-24 Y Din Y. dp A-Pinj) 

/eiso(i,)/r n=i j>i 

= -24 EE 4, 

D\M j>l 

This concludes the proof of the proposition. □ 

We now explain how to obtain a scalar valued generating series from trp’(74n,). By means 
of the canonical pairing {Sl, S'[) —)■ C, we define a map 

Sl^C, uh^{xi,u) 

given by the pairing with the constant function xi with value 1. It induces a map from 
F^-valued to scalar valued modular forms, 

^ M'/2(ro(4M)), fir) ^ n\T) := /(xi)(4Mr), 

see [EZl §5]. The image lies in the Kohnen plus-space. Applying this map to the generating 
series of Theorem 14.21 we obtain a scalar valued generating series which has level 
AM. In particular, this implies Theorem 11.11 of the introduction. If we apply this map to 
Theorem 15.21 and use Proposition 15.41 we obtain: 

Theorem 5.6. Let L be as in fl5.5p . Assume that for all I G Iso(L) we have ordc^(F) > 
—mi and cfj{0) = 0. Then tri?(A^'^^) G M3^2(ro(4M)), and 

trir(A;“^) = -YJ2Y1 ■ b ■ q~’'" + ‘^YY1 ' D ■ ai{n/D) 

D\M h>l n>l D\M n>l 

+ Y F{Y{d/AM,xi))-q^- 

When M = p is a prime and F is invariant under the Fricke involution, we obtain 
Theorem 11.41 of the introduction. 

Now let M = 1 and let j = Ef/A be the classical j-function. Write J = j — 744 = 
q~^ + 196884g -|- ... for the normalized Hauptmodul for PSL 2 (Z) with vanishing constant 
term. Applying Theorem 15.61 with F = J, we recover Zagier’s original result [Za2j : 
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Corollary 5.7. The generating series 

-g-‘+2+ J(Y(dli,xi))-q'‘ 

of the traces of singular moduli is a weakly holomorphic modular form for ro(4) of weight 
3/2 m the plus space. 


6. Generalizations 

In the section we describe some variants of our main results and indicate possible gener¬ 
alizations. 

6.1. Modularity in the generalized class group. In the dehnition of the Heegner 
divisors Z{d) we have projected to degree 0 divisors by subtracting a suitable multiple 
of (c/p). We now briefly describe what happens if we do not apply this projection and 
consider the divisors Y{d, ip) dehned in fl3.7p for d > 0. Then the corresponding generating 
series is a non-holomorphic modular form, where the non-holomorphic part is coming from 
a generalization of Zagier’s weight 3/2 Eisenstein series. 

We let Clm(W) be the generalized class group of X with respect to the modulus m, which 
we dehne as the quotient of the group of divisors on X dehned over k modulo the subgroup 
Pm{X). Moreover, in analogy with fl4.2p we put 

(6.1) Cir (^) = 

If d > 0, we write [Y (d, 99 )]^ for the class of the divisor Y (d, ip) in Clm(W). For d = 0 we put 
[Y (0, 99)]m = (^(0)[Al-i]m where the class in Clm(X) of a line bundle C is dehned as in fl2.7l) 
but without the summand deg(£) ■ (sq). Finally, for d < 0 we let [Y{d,ip)]m = [Z{d,ip)]m. 

Recall from |Ful Theorem 3.5] that there is a (non-holomorphic) weight 3/2 Eisenstein 
series F 3 / 2 ,l(l) whose coefficients with non-negative index are given by the degrees of the 
Y{d,ip) (see also |Ku2j 1. It is a harmonic Maass form of weight 3/2 for the group Mp 2 (Z) 
with representation uf and generalizes Zagier’s non-holomorphic Eisenstein series [ZiT] . 
Its Fourier expansion decomposes as 

^3/2,L(r) = E+^^^{t) + E3-/2_^(r), 

where the holomorphic part is the generating series of the degrees of Heegner divisors, 

Ei,xL(n = Y,‘^es(y(d))-q'‘, 

d>0 

and the non-holomorphic part ^ is a period integral of a linear combination of unary 
theta series. We obtain the following variant of Theorem 14.21 

Theorem 6.1. The generating series 

^m(r) = ^[Y (d)]„ ■ q'^ + ■ (cjJ 
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is a non-holomorphic modular form of weight 3/2 for Mp 2 (Z) with representation uf with 
values in (X). Moreover, we have 

-^3/2,L ' (c/q)- 

6.2. Twists by genus characters. Let L be the lattice of Section 15.11 for a squarefree 
M G Z,>o, and recall that L = ro(M). For a discriminant A 7 ^ 1 and r E Z such 
that A = mod AM, we can dehne a generalized genus character xa on L' as in [GKZl 
Section 1.2] and |B01 Section 4], 

{ (■^) , if A I 5^ — AMac and ( 6 ^ — AMac)/A is a square 
modulo AM and gcd(a, h,c, A) = 1, 

0 , otherwise, 

with A = 

the quadratic forms [Mio, &, M 2 C] with M 1 M 2 = M. Note that xa is SO’''(L)-invariant. 

If A G L' with Q{X) G —4M(Q^)^, let I be the isotropic line associated with A, and let 
^A.A £ Q(\/A)(X)^ be a rational function with the following expansions 

f — e27rtb/A^^/(A) j ^ ^ _j_ 0{qf^), at the cusp cj, 

^A,A = \ 6GZ/AZ 

I 1 + 0{q'f'''), at all other cusps cj. 


-a/M\ 

-b/2M) 


G L' and n eTj any integer prime to A represented by one of 


Suppose that (A, 2M) = 1, or equivalently (r, 2M) = 1. For each d G and ip G Sl, we 
can dehne the divisor Z/^^rid,(p) G Div°(A)c by 




■= < 


Y1 2n(X) ^ sgn(A)(p(-rA)) ■ div{h^\), d G -^(Z>o)^ 


0 , 


otherwise. 


All these divisors are dehned over Q(\/A) and have coefficients in the held of dehnition of (p. 
We write [2’A,r(d)]m £ for the element that sends ip to [ZA,r(d, </3)]m G 

Dehne the representation ul to be oix, if A > 0 and if A < 0. Then we have the following 
abstract modularity result. 


Theorem 6.2. The generating series 

A^,rAT)-.= Y. [ZAAd)U-d"^Sl{{q))®J:^'^{X)c 

is the q-expansion of a weakly holomorphic modular form in M'^i^ioji) ® 
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This result comes out of calculating the effect of the intertwining operator in [AEt Sec¬ 
tion 3] applied to the generating series Am(r) associated to the scaled lattice (AL, ^j^)- 
The conditions that M is square-free and (A, 2M) = 1 are imposed to simplify the defi¬ 
nition of Z/^^r{d, (p) and can be removed with a more complicated dehnition of the classes. 
Note that it is necessary for sgn(A), which determines the parity of Cjl, to appear in the 
definition of Z^^r{d,ip). Alternatively, one could use the twisted Borcherds products in 
[BQl Theorem 6.1] to give a proof of Theorem 16.21 along the same line as that of Theorem 
14.21 above. By applying the functionals of Proposition 15.11 to the twisted generating series 
of Theorem 16.21 the main result of |AEj on twisted traces of harmonic Maass forms can be 
recovered. 


6.3. Other orthogonal Shimura varieties. The Gross-Kohnen-Zagier theorem has been 
generalized to higher dimensional orthogonal Shimura varieties in |Bo2j . Hence it is natural 
to ask whether our main results can also be generalized in the same direction. Let L be an 
even lattice of signature (n, 2), and let T be the discriminant kernel subgroup of SO’''(L). 
Denote by X-p a (suitable) toroidal compactihcation of the connected Shimura variety Yp 
associated to T. It would be interesting to dehne a generalized divisor class group as the 
group of divisors on Xp modulo divisors of rational functions that satisfy certain growth 
conditions along the boundary of Xp. Is it possible to prove a modularity result analogous 
to Theorem 14.21 for the classes of special divisors? In this context, the product expansions 
obtained in |Ku4] with respect to one dimensional Baily-Borel boundary components may 
be helpful. 

To illustrate this question, let us consider the easiest case for n = 2 where the lattice L 
is the even unimodular lattice of signature (2,2). Then the variety Xp can be identified 
with the product A(l) x A(l) of two copies of the compact modular curve of level 1. 
Special divisors on Xp of positive index d in the sense of [Kulj are given by the Hecke 
correspondences Z{d). Let q = {qi,q 2 ) be the usual local coordinates near the boundary 
point s = (oo, oo) G Ap. Let m be a positive integer, and put m = m • (s). If k = {ki, ^ 2 ) £ 
we briefly write and for a meromorphic function / in a neighborhood of 

(cx), cx)) we write / = 0(g'") if in the Taylor expansion of / at ( 00 , 00 ) only terms of total 
degree at least m occur. 

Let DiVm(Ar) be the free abelian group generated by pairs {D,g£)), where D is a prime 
Weil divisor on Xp and go is a local equation for D in a small neighborhood of s. The 
local equations give rise to local equations go near s for arbitrary Weil divisors D. Let 
Fm(Ar) be the subgroup of pairs {D^gp)) G DiVm(Ar) for which D = div(/) is the divisor 
of a meromorphic function / satisfying 

f.g-^ = l + 0{qn 

near s. We dehne a generalized class group as the quotient Cln,(Ar) = DiVm(Ar)/Pm(A^r)- 
It would be interesting to dehne suitable classes of special divisors in Clm(Ar) of arbitrary 
integral index d and to prove a modularity result for the generating series of these classes. 
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